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Non-rigidity Degree of a Lattice and Rigid Lattices
EVGENII BARANOVSKII AND VIATCHESLAV GRISHUKHIN
Voronoi defines a partition of the cone of positive semidefinite n-ary forms Pn into L-type domains.
Each L-type domain is an open polyhedral cone of dimension k, 1 ≤ k ≤ n(n+1)2 , where n is the
number of variables and dimension of the corresponding lattice. We define a non-rigidity degree of
a lattice as the dimension of the L-type domain containing the lattice. We prove that the non-rigidity
degree of a lattice equals the corank of a system of equalities connecting norms of minimal vectors
of cosets of 2L in L . A lattice of non-rigidity degree 1 is called rigid. A lattice is rigid if any of its
sufficiently small deformations distinct from a homothety changes its L-type. Using the list of 84
zone-contracted Voronoi polytopes in R5 given by Engel [8], we give a complete list of seven five-
dimensional rigid lattices.
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1. INTRODUCTION
In [7] a rank of a Delaunay polytope was defined as the dimension of the minimal face of
the hypermetric cone H ypn containing it. The Delaunay polytope lying on an extreme ray
of H ypn is called extreme. The lattice L generated by an extreme Delaunay polytope has the
following property of rigidity: any sufficiently small deformation of L distinct from homothety
changes the combinatorial structure of the partition of the space into Delaunay polytopes (=
the L-partition) related to this lattice.
There is a correspondence between hypermetrics on n + 1 points and positive semidefinite
forms on n variables. In fact, a hypermetric of H ypn+1 corresponds to a form f ∈ Pn such
that the basic vectors related to f are contained in a Delaunay polytope of the L-partition of
f . Voronoi [12] defined a partition of the cone of positive semidefinite forms Pn into L-type
domains. Each L-type domain is an open polyhedral cone of dimension k, 1 ≤ k ≤ n(n+1)2 ,
where n is the number of variables and dimension of the corresponding lattice. An L-type
domain of maximal dimension n(n+1)2 is called general. Other L-type domains are called
special. The boundary of the closure of a general L-type domain consists of special L-type
domains that are open faces of this closure.
In this paper we develop further the ideas in Voronoi works [12] on L-type domains and
their construction. We give an explicit description of the system of inequalities determining
the polyhedral cone of an L-type domain. In a sense, we rewrite Voronoi’s results in modern
terminology.
We define a non-rigidity degree of a lattice as the dimension of the L-type domain contain-
ing a form defining the lattice. Two n-dimensional lattices (and corresponding forms) belong
to the same L-type domain if the L-partitions of Rn related to them are topologically and
combinatorially equivalent.
The above correspondence between H ypn+1 and Pn is such that H ypn+1 is in one-to-one
correspondence with a union of a finite number of L-type domains. This implies that extreme
rays of H ypn+1 correspond to extreme rays of some L-type domains. Hence the lattice gener-
ated by an extreme Delaunay polytope lies on an extreme ray of an L-type domain. Obviously,
each lattice lying on an extreme ray of an L-type domain has the property of rigidity. Hence
we call such a lattice rigid. In other words, a lattice is called rigid if its non-rigidity degree
equals 1. If a lattice is rigid, then any of its sufficiently small deformations distinct from a
homothety changes its L-type. The idea of the rigidity of an L-partition first appeared in [4].
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Obviously any one-dimensional lattice is rigid. There is no rigid lattice in dimensions two
and three. The root lattice D4 is the only four-dimensional rigid lattice. Moreover, we prove
that the root lattice Dn is rigid for all n ≥ 4. Using the list of 84 zone-contracted Voronoi
polytopes in R5 given by Engel [8], we give a complete list of seven five-dimensional rigid
lattices.
2. VORONOI AND DELAUNAY POLYTOPES
There are two normal (i.e., face-to-face) partitions of the space Rn related to an n-dimen-
sional lattice L . These are the Voronoi partition and the L-partition which are combinatorially
dual to each other, i.e., a k-dimensional face of one partition is orthogonal to an (n − k)-
dimensional face of the other partition. A Voronoi partition consists of mutually congruent
Voronoi polytopes. An L-partition consists of Delaunay polytopes, and, in general, it contains
non-congruent polytopes.
A Voronoi polytope P(v0) of a point v0 ∈ L is the set of points x ∈ Rn such that
(x − v0)2 ≤ (x − v)2 for all v ∈ L .
For x ∈ Rn , we denote by x2 the norm, or the squared length of the vector x .
Let v0 = 0, then the Voronoi polytope
P(0) =
{
x ∈ Rn : vx ≤ v
2
2
, v ∈ L
}
(1)
is defined in this description by the infinite system of linear inequalities. Since P(0) is a
polytope, there are only a finite set of vectors v ∈ L that are essential in order to determine
P(0). These vectors are called relevant. They determine facets of P(0). Each vertex of P(0)
is the centre of a Delaunay polytope, having the point 0 as a vertex.
A Delaunay polytope of L is the convex hull of all lattice points lying on an empty sphere
of the lattice. A sphere is called empty if there is no lattice point in its interior. If the lat-
tice points on the empty sphere have full rank, then the corresponding Delaunay polytope
is full-dimensional, and it is one of the polytopes of the L-partition. Otherwise, the con-
vex hull of points on the empty sphere is a face of a full-dimensional Delaunay polytope.
A k-dimensional face is a k-dimensional Delaunay polytope. Two Delaunay polytopes of an
L-partition are called equivalent if they coincide up to a translation on a lattice vector and/or
a central symmetry.
There are two types of Delaunay polytopes: symmetric and asymmetric. A Delaunay poly-
tope P is called symmetric or asymmetric according to whether the antipode of each vertex of
P is or is not (respectively) a vertex of P . (Two vertices of a polytope inscribed in a sphere are
antipodal if they are endpoints of a diameter of the sphere.) The lattice vector with antipodal
end-vertices in a symmetric Delaunay polytope P is called a diagonal of P .
The Voronoi polytope and the Delaunay polytopes of L are tightly related to minimal vec-
tors of cosets of L/2L . Besides the trivial coset Q0 = 2L , there are 2n − 1 non-trivial cosets
Q. A vector v ∈ Q is called minimal if its norm m = v2 is minimal with respect to norms
of all other vectors of Q. We also call m the norm of the coset Q. The norm of the trivial
coset Q0 is zero. The norms of non-trivial cosets are strictly greater than zero. We call a norm
minimal if it is the norm of a minimal vector of a coset.
Obviously, if v is a minimal vector of Q, then so is −v. We call a coset simple if it has up
to sign only one minimal vector. A coset which is not simple contains more than one non-
collinear minimal vector. It is well known (see, for example, [5], Theorem 10 of Chapter 21)
that the following proposition holds.
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PROPOSITION 1. A vector of L is relevant, i.e., it is facet defining for the Voronoi polytope,
if and only if it is a minimal vector of a simple coset.
Let Ms(L) be the set of minimal vectors of the simple cosets. Then the Voronoi polytope is
described by the following finite system of inequalities:
P(0) =
{
x ∈ Rn : −v
2
2
≤ vx ≤ v
2
2
, v ∈ Ms(L)
}
.
Now we consider a relation between minimal vectors and Delaunay polytopes. Let v, v′ be
vertices of a Delaunay polytope P of a lattice L . The point 12 (v + v′) is the middle of the
lattice vector e = v − v′. Set r2 = 14 (v + v′)2, and let 6e be the sphere of radius r with its
centre in the middle point of e.
LEMMA 1. The sphere 6e is an empty sphere of the lattice L.
PROOF. Without loss of generality we suppose that v′ = 0. In contrast, let there be a point
u ∈ L lying inside 6e, i.e.,
(
u − 12v
)2
< r2 = 14v2. This implies that
uv > u2. (2)
Let c be the centre of the empty sphere 6P circumscribing the Delaunay polytope P . Then
(v − c)2 = c2 and (u − c)2 ≥ c2, i.e., 2uc ≤ u2. We have
((v − u)− c)2 = ((v − c)− u)2 = (v − c)2 − 2(v − c)u + u2 = c2 − 2uv + 2uc + u2.
Using the strict inequality (2) and the inequality 2uc ≤ u2, we obtain from the above equality
that
((v − u)− c)2 < c2 − 2u2 + u2 + u2 = c2.
This means that the point u − v is an inner point of 6P , a contradiction. 2
This lemma implies the following proposition.
PROPOSITION 2. Let v, v′ be two vertices of a Delaunay polytope of a lattice L. Then the
lattice vector e = v − v′ is a minimal vector of the coset Qe of L/2L containing e.
PROOF. As in Lemma 1, we can suppose that v′ = 0. If e is not a minimal vector of Qe,
there is a u ∈ L such that (v − 2u)2 < v2. If we rewrite this inequality as (u − 12v) < 14v2,
we see that the sphere 6e with its centre in the point 12v is not empty. This is a contradiction.
2
Let MQ be the set of all minimal vectors of a coset Q. Let v0, v ∈ MQ . Since Q is a coset
of L/2L , v0 ± v ∈ 2L . In other words, v0±v2 ∈ L . Consider the convex hull PQ of vectors
v0±v
2 , for all v ∈ MQ . If we take v02 as the new origin, then PQ is the convex hull of all vectors± v2 , v ∈ MQ . Let k be dimension of PQ . The following proposition is proved in [3].
PROPOSITION 3. PQ is a k-dimensional symmetric Delaunay poytope, k ≤ n. Conversely,
diagonals of a symmetric Delaunay polytope of L are all (up to sign) minimal vectors of a
coset Q.
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Note, that PQ is one-dimensional if and only if Q is simple. In this case PQ is an edge of
a full-dimensional Delaunay polytope, and Proposition 3 is a combinatorially dual reformula-
tion of Proposition 1.
Thus, we see that the minimal vectors of all cosets are represented in the L-partition of
a lattice. The minimal vectors of simple cosets form the 1-skeleton of the L-partition. The
minimal vectors of non-simple cosets represent symmetric faces of the L-partition.
We show below that the system of equalities equating norms of minimal vectors of a non-
simple coset of a lattice L is a subsystem of inequalities determining the L-type domain of
the lattice L .
3. L -TYPE DOMAINS
Let f (x) =∑ ai j xi x j be the quadratic form corresponding to a basis {ei : 1 ≤ i ≤ n} of a
lattice L . Then ai j = ei e j . Let f belong to a general L-type domain D( f ). The L-partition of
f consists only of simplices. Edges of these Delaunay simplices span minimal vectors. The
distribution of minimal vectors between the Delaunay simplices determines the L-type of the
domain D( f ). Distinct general L-type domains have distinct distributions of minimal vectors.
Baranovskii [2] was the first person to describe the condition required for a simplex to
be a Delaunay simplex in terms of minimal norms, i.e., norms of minimal vectors. These
conditions consist of homogeneous inequalities that are linear in norms. Let a = ∑n1 xi ei
be a minimal vector. Then its norm a2 = f (x) = ∑ ai j xi x j is a linear integer combination
of the coefficients ai j of the form f . Hence the above conditions are homogeneous linear
inequalities in the variables ai j . Each such inequality defines a half-space in the space of the
coefficients ai j . Thus, the system of inequalities of all non-equivalent Delaunay simplices
of a form f of a general L-type defines a system of half-spaces. The intersection of these
half-spaces is the domain D( f ).
Consider an n-dimensional simplex S in an n-dimensional space T . Let I be the set of
vertices of S. The simplex S is inscribed into a sphere 6 of radius r . Take the centre of 6
as the origin and represent a vertex i ∈ I by the vector vi . Then v2i = r2 for all i ∈ I . For
i, j ∈ I , we can consider the norm
di j = (vi − v j )2
of the vector vi − v j as a distance between points i and j .
We have
di j = (vi − v j )2 = 2(r2 − viv j ), i.e., viv j = r2 − 12di j . (3)
Obviously, the vertices of S can be considered as an affine basis of the space T . Hence each
point v ∈ T can be represented as an affine combination of vertices of S:
v =
∑
i∈I
zivi ,
∑
i∈I
zi = 1, (4)
where zi ∈ R. Usually the coordinates zi are called baricentric coordinates.
Now suppose that S is a Delaunay simplex of the L-partition of a form f and v is a point
of the lattice L . Then the sphere 6 is empty. Therefore v2 ≥ r2. Using (3), we obtain
v2 =
(∑
i∈I
zivi
)2
=
∑
i, j∈I
zi z jviv j =
(∑
i∈I
zi
)2
r2 − 1
2
∑
i, j∈I
zi z j di j ≥ r2. (5)
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Since
∑
i∈I zi = 1, we obtain the following condition for norms of edges of a Delaunay
simplex ∑
i, j∈I
zi z j di j ≤ 0,
∑
i∈I
zi = 1. (6)
If the simplex S has the volume of a basic simplex, then the coordinates zi of v are integer.
But if the volume of S is a multiple q of the volume of a basic simplex, then all zi take the
value of an integer divided by q.
Recall that minimal norms di j are linear functions of the coefficients ai j of the form f .
Inequality (6) takes the simplest form, when the simplex S is basic and there is a k ∈ I such
that the vectors vi −vk , i ∈ I −{k}, are the basic vectors ei related to the form f . In this case,
using (3), we have
di j = ai i + a j j − 2ai j ,
and inequality (6) takes the form∑
i, j∈I
ai j zi z j −
∑
i∈I
zi ai i ≤ 0. (7)
Each point v = ∑i∈I zivi ∈ L determines inequality (6). However, Baranovskii and
Voronoi proved that it suffices a finite number of points. The complete necessary and suf-
ficient sets of points are known for simplices of dimension at most 6 (see [11]). Taking such
a finite system of inequalities (6) for each simplex from a set of all non-equivalent simplexes
of the L-partition of f , we obtain a finite system of inequalities describing the domain D( f ).
Note that even if the system of each simplex is not redundant, the united system is re-
dundant. The reason is that inequalities (6) for distinct simplices can determine the same
inequality in the variables ai j . In fact, let us move the point f from the general L-type do-
main D = D( f ) to a neighbouring general L-type domain D′ such that f intersects the wall
separating D and D′ in general position. Let Ds ⊂ clD ∩ clD′ be the special L-type domain
corresponding to the wall. If f ∈ Ds , then the L-partition of f contains a unique type of
repartitioning Delaunay polytopes distinct from simplices. The repartitioning Delaunay poly-
tope is obtained by gluing some set S of Delaunay simplices mutually contiguous by facets.
The spheres circumscribing these simplices coincide. From the point of view of a simplex
S ∈ S, a new lattice point vS gets onto the sphere 6 circumscribing S, and inequality (6)
corresponding to S and vS becomes an equality. The point vS is just the point that forms with
facets of S the simplices contiguous to S by these facets. Since S is an arbitrary simplex of S,
this reasoning shows that inequalities (6) considered in terms of ai j and determined by vS and
S, S ∈ S, give the same equality in terms of ai j for every S ∈ S. This equality determines the
hyperplane supporting the wall Ds of the domain D( f ).
We can see this equality inside the wall Ds . But first we prove that any minimal dependency
between vertices of a Delaunay polytope defines a linear dependency between the coefficients
ai j . To do this, we prove the Metrical Lemma.
4. METRICAL LEMMA
Let C be a set of points on a sphere 6 of radius r . If we take the centre of 6 as the origin,
then we can represent the points i ∈ C by vectors vi of equal norms v2i = r2. Let there be an
affine dependency between the points of C , i.e., there are zi ∈ R such that∑
i∈C
zivi = 0 and
∑
i∈C
zi = 0. (8)
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Take a point k ∈ C as the origin, and let
ai = vi − vk, i ∈ C.
Then
∑
i∈C zi ai =
∑
i∈C zivi − vk
∑
i∈C zi . Equalities (8) imply the dependency∑
i∈C
zi ai = 0. (9)
We have dki = (vk − vi )2 = a2i .
Let c = −vk be the vector with the endpoint in the centre of 6. Then (ai − c)2 = c2 = r2,
i.e., a2i = 2ai c. This equality implies
∑
i zi a
2
i = 2c
∑
i zi ai . Now let C be the set of vertices
of a Delaunay polytope. Using (9), we obtain the following proposition.
PROPOSITION 4. The affine dependency (8) between vertices of a Delaunay polytope, i.e.,
the linear dependency
∑
i∈C zi ai = 0 between lattice vectors, implies the following depen-
dency between norms of the lattice vectors∑
i∈C
zi a
2
i = 0. (10)
Using the identities a2i = dki and dkk = 0, we can reformulate Proposition 4 as follows.
LEMMA 2 (METRICAL LEMMA). The affine dependency (8) implies the following set of
dependencies between distances di j :∑
i∈C
zi dki = 0 for all k ∈ C. (11)
Let |C | be the cardinality of C . The points of C generate a (|C | − 2)-dimensional affine
space. One can show that the |C | equalities (11) are mutually independent. Hence the Metrical
Lemma states that among all the
(|C |
2
)
distances between the points of C we can choose |C |
distances that can be expressed by other
(|C |−1
2
)− 1 distances.
We apply the Metrical Lemma to a Delaunay polytope P of a lattice L . If P is distinct from
a simplex, then there is at least one affine dependency between the vertices of it. Recall that
for any two vertices v, v′ of P the lattice vector a = v − v′ is a minimal vector of the coset
Qa containing a.
Let (8) be a minimal dependency between vertices of P . Hence equalities (11) give equal-
ities connecting the coefficients ai j . One could think that the Metrical Lemma gives |C | de-
pendencies between the coefficients ai j . However we have the following assertion.
PROPOSITION 5. Each of the dependencies (11) implies the same dependency between the
coefficients ai j . In other words, an affine dependency (8) between vertices of a Delaunay
polytope implies only one dependency between the coefficients ai j .
PROOF. It is sufficient to consider the explicit dependency between the coefficients ai j . Let∑
1≤p,q≤n
γ
pq
k apq = 0
be this dependency, which is given by dependency (11). We show that the coefficients γ pqk do
not depend on k.
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Let ai = ∑1≤p≤n x pi ep be the representation of the lattice vector ai in the basis {ep}
corresponding to the coefficients apq = epeq . Then a2i =
∑
p,q x
p
i x
q
i apq . Substituting this
into (10) we obtain
γ
pq
k =
∑
i∈C
zi x
p
i x
q
i .
Now we take the point j ∈ C , j 6= k, as the origin, and consider the lattice vectors bi =
vi − v j , i ∈ C . We have bi = ai − a j . Since ∑i∈C zi bi = ∑i∈C zi ai − a j ∑i∈C zi , the
second equality in (8) shows that the vectors bi satisfy the same dependency as (9). This
dependency implies
∑
p,q γ
pq
j apq = 0, where γ pqj =
∑
i∈C zi y
p
i y
q
i and y
p
i , 1 ≤ p ≤ n, are
the coordinates of the vector bi in the basis {ep}. Obviously y pi = x pi − x pj , i ∈ C . Hence
γ
pq
j =
∑
i∈C
zi (x
p
i − x pj )(xqi − xqj ) = γ pqk − x pj
∑
i∈C
zi x
p
i − xqj
∑
i∈C
zi x
q
i + x pj xqj
∑
i∈C
zi .
The linear dependency (9) implies the equalities ∑i∈C zi x pi = 0 for 1 ≤ p ≤ n, where∑
i∈C zi = 0. Using this we obtain the desired equality γ pqj = γ pqk . 2
Let |C | = m + 2. Let j ∈ C be the origin. Since a j = 0, we have m + 1 vectors in
the dependency
∑
i∈C zi ai = 0. Recall that any m vectors of the set {ai : i ∈ C − { j}} are
mutually independent. Equality (10) gives the simplest explicit dependency for the coefficients
ai j , when, for some j ∈ C , there are m basic vectors ei in the set {ai : i ∈ C−{ j}}. Let a be the
(m+1)th vector of the set. Then the dependency between ai takes the form a−∑mi zi ei = 0.
Recall that e2i = ai i and a2 =
∑m
i,k=1 aik zi zk . Hence equality (10) takes the form∑
1≤i< j≤m
ai j zi z j −
∑
1≤i≤m
zi ai i = 0.
Take note that this equality comes from inequality (7), where I = {1, 2, . . . ,m}.
5. REPARTITIONING POLYTOPES
Return to the repartitioning polytope P of the L-partition of f ∈ Ds . It has n + 2 vertices,
where n is the dimension of P that equals the number of variables of f . P is denoted V npq .
The Delaunay polytope V npq is described in detail in Section 9 of [10] and in [1, 11]. V npq is
an (n − p − q)-pyramid over the convex hull of two simplices S p and Sq spanning p- and
q-dimensional spaces intersecting in a point.
There is a unique affine dependency (4) between vertices of V npq . Since all the vertices in
the dependency have equal rights, it is convenient to rewrite dependency (4) in the following
homogeneous form ∑
i∈I0
zivi = 0 and
∑
i∈I0
zi = 0 (12)
where I0 is the set of vertices of V npq . If n = p + q , there is no pyramid, zi 6= 0 for all i
and zi > 0 for the vertices of one simplex, say S p, and zi < 0 for the vertices of the simplex
Sq . If n > p + q , then there are vertices that are apexes of the pyramid. These vertices are
affinely independent on the vertices of simplices, and zi = 0 for these vertices. Hence we
are interested in V npq with p + q = n. In this case (12) is a minimal dependency, and we set
I0 = C .
As examples of known repartitioning Delaunay polytopes we mention the Delaunay poly-
topes of the Leech lattice corresponding to the following deep holes (see [5, Chapter 23]):
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A212, D
2
12 (polytopes of type V 2412,12), A17 E7 (polytope of type V 247,17), D16 E8 (polytope of type
V 248,16), A15 D9 (polytope of type V 249,15).
There is only one symmetric repartitioning polytope V p+qpq , namely the polytope V 211. In this
case the simplices S p and Sq are one-dimensional segments that are diagonals of the rectangle
V 211. The set C has minimal cardinality 4. Let C = {1, 2, 3, 4} be such that the pairs (1, 3) and
(2, 4) are end-vertices of the two diagonals. Then dependency (12) takes the form
v1 + v3 = v2 + v4
with the lattice vectors v1 − v3 and v2 − v4 corresponding to the diagonals. Take v4 as the
new origin, and let ai = vi − v4, i = 1, 2, 3, be the related lattice vectors. Then the linear
dependency between these vectors is a2 = a1 + a3, where a2 represents one of the diagonals.
The other diagonal is represented by the lattice vector a1 − a3.
Now equality (10) takes the form a22 = a21 + a23 . Let ai =
∑n
k=1 x ikek be the representation
of the lattice vector ai in the basis related to the quadratic form f (x). Then a2i = f (x i ). The
coordinates of the diagonals a1 ± a3 are x1k ± x3k . Equality (10) now takes the form
f (x1 + x3) = f (x1)+ f (x3). (13)
If we compare the norms of diagonals, we obtain the equality
f (x1 + x3) = f (x1 − x3). (14)
We show that equalities (13) and (14) give the same dependency for the coefficients ai j of the
form f . We use the explicit expression for the form f (x) = x Ax , where the matrix A = (ai j )
is symmetric. Then both the above equalities take the form
x1 Ax3 = 0.
Recall that all repartitioning polytopes V p+qpq are asymmetric if p 6= 1 and q 6= 1 simulta-
neously, and then p > 1 and q > 1. Since no face of V p+qpq has diagonals, the dependency of
such a polytope is not of type (14). However the equating of the norms of diagonals is very
useful.
In fact, let a face of a Delaunay polytope have s diagonals. Then each pair of diagonals
spans a rectangle giving the dependency of type (13) between the norms of one of its diagonal
and its edges. Hence the s diagonals provide a system of
(
s
2
)
dependencies. However the rank
of the system equals s− 1, and the system is equivalent to s− 1 equalities equating the norms
of these diagonals. In fact, let vi , vs+i be end-vertices of the i th diagonal. Then the complete
system of affine dependencies is vi+vs+i = v j+vs+ j , 1 ≤ i < j ≤ s. Taking vs as the origin
and setting ai = vi −vs , we obtain the system of equalities for norms: a2i +a2i+s = a2j +a2j+s ,
1 ≤ i < j ≤ s. The rank of this system is s − 1, and one of the maximal independent
subsystems is a2i + a2i+s = a2i+1 + a2i+1+s , 1 ≤ i ≤ s − 1.
This example is a particular case of an independent set of equalities of a Delaunay polytope.
To compute the non-rigidity degree of a lattice, we need to know a complete system of depen-
dencies between the coefficients ai j . However it is sufficient to find a maximal subsystem of
independent equalities. Let us have an independent system
{∑
i∈C zi ai = 0, C ∈ C
}
of equal-
ities. The form of equality (10) shows that the corresponding system of equalities between
norms
{∑
i∈C zi a2i = 0, C ∈ C
}
is also independent, and vice versa.
If we distinguish a basic set B of vertices of a Delaunay polytope P , then the maximal in-
dependent system of dependencies of P is contained in the system given by the dependencies
of v 6∈ B on vertices of B.
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6. NON-RIGIDITY DEGREE OF A LATTICE
Equality (10) defines a hyperplane in the space of the coefficients ai j . All Delaunay poly-
topes of the L-partition of a lattice L determine a system of homogeneous linear equations
connecting the coefficients ai j . For a form f ∈ Pn , let S( f ) be the system of equations of
type (10) corresponding to all minimal dependencies of vertices of all types of non-equivalent
Delaunay polytopes of the L-partition of f .
Note that f belongs to exactly one L-type domain, since any L-type domain is open. Recall
the following definition.
DEFINITION. The non-rigidity degree nrdL( f ) of the lattice L( f ) related to a form f ∈ Pn
is the dimension of the L-type domain containing the form f . A lattice and the corresponding
form are called rigid if the non-rigidity degree of the lattice is equal to 1.
The unimodular group of transformations of bases of a lattice L partitions all L-type do-
mains into equivalence classes. Obviously, equivalent domains have the same dimension, and
the above defined non-rigidity degree is an invariant of the equivalence class. Hence the above
definition does not depend on the quadratic form f chosen to represent L .
Let N = n(n+1)2 . Recall that if f belongs to a general L-type domain D, then the corre-
sponding L-partition consists only of Delaunay simplices, and nrdL( f ) = N . In this case all
cosets are simple, and there is no dependency between vertices of Delaunay polytopes and
between norms, and therefore between the coefficients of the form f . Hence rkS( f ) = 0, and
nrdL( f ) = N − rkS( f ).
If f ∈ Ds , where Ds is a wall separating two general L-type domains, then the system
S( f ) contains only one equation connecting the coefficients of the form f , i.e., rkS( f ) = 1
and again, nrdL = N − rkS( f ).
We show that the last equality also holds for every L-type domain.
THEOREM 1. The non-rigidity degree of the lattice L related to a form f ∈ Pn is equal to
n(n+1)
2 minus the rank of the system S( f ), i.e.,
nrdL = n(n + 1)
2
− rkS( f ).
PROOF. Let T ( f ) be the subspace cut off in the space of the coefficients ai j by the equa-
tions of the system S( f ). The dimension of T ( f ) is N − rkS( f ). By definition of an L-type
domain, the system S( f ) and its rank are invariants of the type of the domain D( f ). Hence
D( f ) ⊆ T ( f ) and nrdL ≤ N − rkS( f ). To prove the theorem, we show that the opposite
inequality holds.
Recall that the dependency of vertices of the repartitioning polytope of a wall Dk sep-
arating general L-type domains determines an equation of type (10) describing the hyper-
plane Hk supporting the wall Dk . Let clDk be the closure of the open domain Dk . When a
quadratic form goes from Dk to an L-type domain D( f ) ⊂ clDk of lower dimension, the
affine dependency of vertices of the repartitioning polytope related to Dk is preserved as an
affine dependency of a Delaunay polytope of f ∈ D( f ). However the domain D( f ) lies in
the intersection of a set K of walls such that dim D( f ) = dim∩k∈K Hk . Since the equal-
ity determining Hk belongs to the system S( f ), we have ∩k∈K Hk ⊇ T ( f ). This implies
nrdL = dim D( f ) ≥ N − rkS( f ). 2
Let S0( f ) denote the system of equalities equating norms of diagonals of symmetric faces
of the Delaunay polytopes of the L-partition of f . Recall that the norms of diagonals are
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minimal norms of non-simple cosets. Note that if S( f ) determines the L-type domain of the
form f , the system S0( f ) determines the C-type domain of the form f . C-type domains
were introduced by Ryshkov and Baranovskii in [10]. In particular, C-type domains of five-
dimensional lattices are enumerated in [10].
We saw in Section 5 that S0( f ) is implied by the system S( f ). Hence rkS0( f ) ≤ rkS( f ).
However there are many domains D such that for f ∈ D the equality rkS0( f ) = rkS( f )
holds. In particular, this equality is true if rkS0( f ) = N − 1.
For example, the equality rkS0( f ) = N − 1 holds for the root lattices Dn , n ≥ 4, and E6,
E7, E8.
PROPOSITION 6. The root lattice Dn is rigid for n ≥ 4.
PROOF. We take the function
f 1(x) = 2(ϕ(n)0 (x)− x1x2) ≡
n∑
i=1
x2i +
(
n∑
i=1
xi
)2
− 2x1x2
as a representative function of the lattice Dn . Thus, we have e2i = 2, 1 ≤ i ≤ n, ei e j = 1 for
all pairs {i, j} 6= {1, 2}, and e1e2 = 0. We set e1ei = αi , e2ei = βi , 3 ≤ i ≤ n, ei e j = γi j ,
3 ≤ i < j ≤ n.
It is sufficient to consider the non-simple cosets (1, 2), (1, i, j) and (2, i, j) for 3 ≤ i <
j ≤ n, where the numbers in parentheses are indices of odd coordinates of vectors of the
corresponding coset.
The coset (1, 2) contains the following n minimal vectors: e1±e2, e1+e2−2ei , 3 ≤ i ≤ n.
An equating of the norms of these vectors gives e1e2 = 0 and e2i = αi + βi , 3 ≤ i ≤ n.
The coset (1, i, j) contains the following minimal vectors: ei ± e j − e1, ei − e j + e1,
ei + e j − e1 − 2e2. The minimal vectors of the coset (2, i, j) are obtained from these vectors
by permutating indices 1 and 2. The equating of minimal norms of the coset (1, i, j) gives
γi j = αi , e22 = βi + β j . This implies that αi and βi do not depend on i , i.e., αi = α, βi = β.
Similarly, the coset (2, i, j) gives γi j = β, e21 = 2α. Hence α = β, and up to the multiple α,
we obtain the coefficients of the above function f 1. It is easy to see that the proof works only
for n ≥ 4. Hence Dn is rigid for n ≥ 4. 2
A similar proof works for the lattice Eq , q = 6, 7, 8, if we take as a representative function
the function 2(ϕ(q)0 (x)− x1x2− x1xq), where ϕ(n)0 (x) is defined in the proof of Proposition 6.
Hence we have the following proposition.
PROPOSITION 7. The root lattices E6, E7 and E8 are rigid.
Another proof for the rigidity of E6 and E7 can be found in [7], where the extremality of
Delaunay polytopes of these lattices is proved.
The equality rkS0( f ) = rkS( f ) also holds for the root lattice An and for the lattice Zn
generated by an orthonormal basis. However in these cases rkS0( f ) < N − 1.
PROPOSITION 8. For all n ≥ 1, nrdZn = n. For n ≥ 2, the non-rigidity degree of the root
lattice An is equal to
nrdAn = n + 1.
The (n+1)-dimensional domain D(An) of An is simplicial. Its facets are unimodularly equiv-
alent to the n-dimensional domain D(Zn). Its extreme rays are squares of linear forms, i.e.,
forms of rank 1.
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PROOF. Let L be one of the lattices Zn or An . We take as a basis of L vectors ei , 1 ≤ i ≤ n,
such that e2i = ai i = αi and ei e j = ai j = a j i = β, 1 ≤ i < j ≤ n. Here αi = 1, 1 ≤ i ≤ n,
β = 0 for L = Zn , and αi = 2, 1 ≤ i ≤ n, β = 1 for L = An .
We show that the domain described by n + 1 parameters αi , 1 ≤ i ≤ n, and β is the L-type
domain DA = D( f ) of the form f related to the chosen basis. Obviously, the dimension
of DA is at most n + 1. First, let L( f ) = An . For this f , the following inequalities hold:
0 < β < αi for all i . Show that these inequalities describe facets of the domain DA. In
fact, if β = 0, then L( f ) has the L-type of the lattice Zn . Obviously, the domain D(Zn) is
n-dimensional and simplicial, since any form f ∈ D(Zn) is a sum of n rank 1 forms. Hence
the equality β = 0 describes a facet of DA and, in fact, the dimension of DA is n + 1.
Now, let the equality αk = β hold for some k. Choose the following new basis of L( f ):
e′k = ek , e′j = e j − ek for j 6= k. It is easy to verify that e′i e′j = 0 for 1 ≤ i < j ≤ n. Hence
the lattice L( f ) with akk = β has the L-type of Zn . Thus, for the (n+1)-dimensional domain
DA, we found n + 1 facets determined by the equalities β = 0 and αi = β, 1 ≤ i ≤ n. This
means that DA is simplicial. The extreme rays of DA are spanned by forms of rank 1.
It is not difficult to represent any form f ∈ DA as a conic hull of extreme rays:
f (x) =
n∑
i=1
(αi − β)x2i + β
(
n∑
i=1
xi
)2
.
Now we show that D(An) = DA. Each coset QT of An or Zn is uniquely determined by
a set T ⊆ {1, 2, . . . , n}. The minimal vectors of QT are ∑i∈T εi ei , where εi ∈ {±1} and,
for L = An , the numbers εi satisfy the inequality
∣∣∑
i∈T εi
∣∣ ≤ 1. The simple cosets are QT
with |T | = 1 for L = Zn , and with |T | = 1, 2 for L = An . Equating the minimal norms
of non-simple cosets we obtain the equalities ai j = b for 1 ≤ i < j ≤ n, where b = 0 if
L = Zn , and b is arbitrary for L = An .
We have to show that there are no other restrictions on the coefficients ai j . To do this, we
consider the Delaunay polytopes of L . All Delaunay polytopes of Zn are of one type, which is
the n-dimensional unit cube with the vertices
∑
i∈S ei for all S ⊆ {1, 2, . . . , n}. The Delaunay
polytopes of An are of types Pk , 0 ≤ k ≤ b n2 c. The vertices of Pk are given by the vectors∑
i∈S ei for all S such that |S| = k, k+1. It is not difficult to verify directly that the Delaunay
polytopes of Zn and An give no other dependency on the coefficients ai j . Thus, for Zn , we
have n independent parameters ai i , 1 ≤ i ≤ n, and, for An , we also have the parameter b. 2
7. LATTICES OF SMALL NON-RIGIDITY DEGREE IN DIMENSION 5
A zone of a Voronoi polytope P is the set of its mutually parallel edges. Following [8], we
call a zone Z of P closed if every 2-face of P contains either two edges of Z , or else none.
Otherwise Z is called open. If emin is the shortest edge of the closed zone Z , then we can
contract every edge of Z by emin. As a result of the contraction the zone Z becomes open or
vanishes completely.
A Voronoi polytope P is called totally zone contracted if all its zones are open. P is called
relatively zone contracted if any further contraction results in a polytope of lower dimension.
Let D be the L-type domain of a lattice L . If the polyhedral cone clD has an extreme ray
containing a form of rank 1, then the Voronoi polytope of L contains a closed zone that can
be contracted. Hence if L has the totally zone-contracted Voronoi polytope, then any form on
an extreme ray of clD differs from a form of rank 1.
Engel [8] gives a list of two relatively and 82 totally zone-contracted Voronoi polytopes
in R5. Each polytope is denoted by the symbol N4.N1-k, where Ni is the number of faces
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of dimension i and k is the order number if there is more than one polytope with given pa-
rameters N4.N1. We use this Engel’s symbol that denotes a Voronoi polytope to denote the
corresponding form.
The Voronoi polytopes of the list are described by quadratic forms depending on at most
five parameters. Hence the corresponding lattices should be of non-rigidity degree at most 5.
There are 10 forms depending on one parameter only (eight forms in the corrected list). In
fact, however, there are only seven lattices with nrdL = 1 among them. For example, the
one-parameter form 10.32 is Z5, and therefore has non-rigidity degree 5. The one-parameter
form 26.48 relates to the direct sum D4 ⊕ Z1 and has non-rigidity degree 2. Both these
lattices have relatively zone-contracted Voronoi polytopes. (In the corrected list, these forms
depend on five and two parameters, respectively.) The third one-parameter form 42.240 with
the lattice of non-rigidity degree distinct from 1 relates to a lattice of non-rigidity degree 5. Its
Delaunay polytopes are asymmetric and are all mutually congruent. Denote this form by fE .
The L-type domain D( fE ) of this form is described in detail in [9].
For the sake of simplicity, we re-denote the seven rigid lattices as L i such that
f (L1) = 40.42, f (L2) = 42.96, f (L3) = 48.180,
f (L4) = 50.192, f (L5) = 50.282, f (L6) = 54.342, f (L7) = 54.366− 2.
Here, L1 is the root lattice D5 and L4 is the Coxeter lattice A+25 in the notation of [6]. Note
that A+25 is the lattice containing a regular Delaunay simplex of double volume.
The equality rkS0(L i ) = N − 1 = 14 holds for i = 1, 2, 3, 4, 7. In other words, to prove
rigidity of these lattices it is sufficient to equate norms of minimal vectors of non-simple
cosets.
For the lattices L5 and L6, the rank of the system S0(L i ), i = 5, 6, equals 13. Hence we
have to consider Delaunay polytopes of these lattices. As instructive examples, we compute
the non-rigidity degree of the lattices L5 and L6 in detail. We take the coefficients ai j of these
lattices from Table 2 of [8].
7.1. Rigidity of the lattice L5. Let {ei : 1 ≤ i ≤ 5} be a basis of L5 such that the basic
vectors have the following inner products:
a11 = e21 = 3, ai i = e2i = 5, 2 ≤ i ≤ 5, ai j = a j i = ei e j ;
e1e2 = e1e3 = −e1e4 = e1e5 = e3e4 = −1, e2e3 = e2e4 = −e2e5 = e3e5 = e4e5 = −2.
L5 has 25 simple cosets of norms 3, 5, 6, 8 and six non-simple cosets of norms 9 and 11.
The minimal vectors of the cosets are as follows:
One coset of norm 3: e1;
Nine cosets of norm 5: e2, e3, e4, e5, e1 + e2 + e3, e1 + e3 + e5, e2 + e3 + e4, e3 + e4 + e5,
e1 + e2 + e3 + e4 + e5;
Twelve cosets of norm 6: e1+ e2, e1+ e3, e1− e4, e1+ e5, e2+ e3, e2+ e4, e2− e5, e3+ e5,
e4 + e5, e1 + e2 + e3 + e4, e1 + e3 + e4 + e5, e2 + e3 + e4 + e5;
Three cosets of norm 8: e3 + e4, e1 + e2 + e3 + e5, e1 + e2 + e4 + e5 + 2e3;
Three non-simple cosets of norm 9: a) ±e1 + e2 + e4, b) ±e1 + e2 − e5, c) ±e1 + e4 + e5;
Three non-simple cosets of norm 11:
(a) ±e1 + e3 + e4, e1 + e3 − e4, e1 + e3 + e4 + 2e2, e1 + e3 + e4 + 2e5,
(b) e2 + e4 ± e5, e2 − e4 − e5, e2 + e4 + e5 + 2e3, e2 + e4 + e5 + 2e3 + 2e1,
(c) e2 + e3 ± e5, e2 − e3 − e5, e2 + e3 + e5 + 2e1, e2 + e3 + e5 + 2e4.
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Equating the minimal norms of the non-simple cosets of norm 9, we obtain the following
equalities: a12 = −a14 = a15 (recall that ai j = ei e j ).
Equating the minimal norms of the non-simple cosets of norm 11, we obtain the equalities:
(a) a13 = −a14 = a34, a12 + a23 + a24 + a22 = 0, a15 + a35 + a45 + a55 = 0;
(b) a24 = −a25 = a45, a23 + a34 + a35 + a33 = 0, a12 + 2a13 + a14 + a15 + a11 = 0;
(c) a23 = −a25 = a35, a12 + a13 + a15 + a11 = 0, a24 + a34 + a45 + a44 = 0.
This system of equations is equivalent to the following system:
a12 = a13 = −a14 = a15 = a34 = −α, a23 = a24 = −a25 = a35 = a45 = −β,
a11 = 3α, a22 = a33 = a44 = a55 = α + 2β.
Thus, the system S0(L5) has rank 13. Now we describe an asymmetric Delaunay polytope
P9 of L5 that has a dependency which gives a relation between α and β. P9 has the following
nine vertices:
v1 = 0, v2 = e2 + e4, v3 = e2 − e5, v4 = e1, v5 = e1 + e2 + e4, v6 = e1 + e2 − e5,
v7 = e1 + e2, v8 = −(e3 + e5), v9 = e1 + e2 + e3 + e4.
The first six vertices form a triangular prism 53 of dimension 3 with vertical edges parallel
to e1. The bases of the prism are regular triangles with edge-norm 6. The vertices v7, v8, v9
form a regular triangle T with edge-norm 8. Note that the edges of P9 all represent completely
minimal vectors of the cosets of norms 3, 5, 6, 8, 9. The 2-space spanned by T intersects the
space spanned by 53 in a point that is the centre of 53. The triangle T and the three vertices
0, e1+ e2+ e4, e1+ e2− e5 of the prism 53 form the repartitioning polytope V 422. Take v1 as
the origin and set ai = vi − v1. Then the vertices of the polytope give the dependency:
a5 + a6 = a7 + a8 + a9.
The sum of norms corresponding to (10) gives the equality
(e1 + e2 + e4)2 + (e1 + e2 − e5)2 = (e1 + e2)2 + (−(e3 + e5))2 + (e1 + e2 + e3 + e4)2,
that takes the form
a33 + a13 + a15 + a23 + a25 + a34 + a35 = 0.
Taking the values of ai j in terms of α and β, we obtain the following relation: β = 2α.
Hence we prove that the coefficients ai j of L5 are up to a multiple uniquely determined by
dependencies in Delaunay polytopes of L5, i.e., L5 has non-rigidity degree 1 and it is rigid.
7.2. Rigidity of the lattice L6. We take the basic vectors of L6 corresponding to the form
54.342 and having the following inner products:
e21 = e22 = 5, e23 = e24 = e25 = 6, e1e2 = 1,
e1e3 = e1e4 = −e1e5 = −e2e3 = e2e4 = e2e5 = e3e4 = e3e5 = e4e5 = −2.
L6 has 27 simple cosets of norms 5, 6, 7, 8, 10 and four non-simple cosets of norm 13. The
minimal vectors are as follows:
Four cosets of norm 5: e1, e2, e1 + e3 + e4, e2 + e4 + e5.
Six cosets of norm 6: e3, e4, e5, e3 + e4 + e5, e1 − e2 + e3, e1 − e2 − e5.
Eight cosets of norm 7: e1+ e3, e1+ e4, e1− e5, e2− e3, e2+ e4, e2+ e5, e1+ e3+ e4+ e5,
e2 + e3 + e4 + e5.
Seven cosets of norm 8: e1−e2, e3+e4, e3+e5, e4+e5, e1−e2+e3+e4, e1−e2+e3−e5,
e1 − e2 − e4 − e5.
Two cosets of norm 10: e1 + e2 + e4, e1 + e2 + e3 + e4 + e5.
Four non-simple cosets of norm 13:
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(a) ±e1 + e3 + e5, e1 + e3 − e5, e1 + e3 + e5 + 2e4, e1 + e3 − e5 − 2e2.
(b) ±e1 + e4 + e5, e1 + e4 − e5, e1 + e4 + e5 + 2e3, e1 − e4 − e5 − 2e2.
(c) ±e2 + e3 + e4, e2 − e3 + e4, e2 + e3 + e4 + 2e5, e2 − e3 − e4 − 2e1.
(d) ±e2 + e3 + e5, e2 − e3 + e5, e2 + e3 + e5 + 2e4, e2 − e3 + e5 − 2e1.
The equating of the minimal norms of the vectors of the non-simple coset gives
(a) a13 = −a15 = a35, a14 + a34 + a45 + a44 = 0, a12 + a23 − a25 − a22 = 0.
(b) a14 = −a15 = a45, a13 + a34 + a35 + a33 = 0, a12 − a24 − a25 − a22 = 0.
(c) a23 = −a24 = −a34, a25 + a35 + a45 + a55 = 0, a12 − a13 − a14 − a11 = 0.
(d) a23 = −a25 = −a35, a24 + a34 + a45 + a44 = 0, a12 − a13 − a15 − a11 = 0.
This gives
a13 = a14 = −a15 = −a23 = a24 = a25 = a34 = a35 = a45 = −α,
a12 = β, a11 = a22 = β + 2α, a33 = a44 = a55 = 3α.
Thus, the system S0(L6) has rank 13. Now we describe an asymmetric Delaunay polytope P7
of L6, giving a wanted additional dependency. P7 is a repartitioning polytope of type V 523. It
has the following seven vertices:
v0 = 0, v1 = e1+ e2+ e4, v2 = e1+ e2+ e3+ e4+ e5, v3 = e1v4 = e2, v5 = e1+ e3+ e4,
v6 = e2 + e4 + e5.
Note that edges of P7 all represent minimal vectors of all simple cosets. The first three
vertices v0, v1, v2 form an isosceles triangle T . The other four vertices form a regular three-
dimensional simplex (tetrahedron) S3. The spaces spanned by T and S3 intersect in a point.
If we take the origin as the centre of the circumscribed P7 sphere, then the affine dependency
of vertices of P7 is
2v0 + v1 + v2 = v3 + v4 + v5 + v6.
Now we take the origin in the vertex v0 and set ai = vi − v0. Then the dependency between
the lattice vectors ai is
a1 + a2 = a3 + a4 + a5 + a6.
We obtain the following dependency between norms:
(e1 + e2 + e4)2 + (e1 + e2 + e3 + e4 + e5)2 = e21 + e22 + (e1 + e3 + e4)2 + (e2 + e4 + e5)2.
The corresponding equality for the coefficients ai j is
2a12 + a14 + a15 + a23 + a24 + a35 = 0.
Using expressions of ai j in terms of α and β, we obtain the following relation between α and
β: α = 2β. Thus, we prove that nrdL6 = 1.
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